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ABSTRACT 

In  this  paper,  we  study  the  propagation  of  waves   in  non-isotropic 
plates.      If  along  two  principal  directions,    the  plate  has  a  common  dielectric 
constant,  Majn/ell's   equations  can  he  reduced  to  a  wave  equation  for  one  of 
the   coniponents   of  the  field.      It   is   found  that   if   the  plates  are  used  as 
the  boundaries   of  a  wave  guide,   modes  similar  to   those  given  by  Brillouin: 
"Spiraled  Coils  as  Wave  Guides",   Cruft  Laboratory,  Harvard  University^are 
obtained.     This  procedure  enables  us  to  take   into  account    the  finite  con- 
ductivity and  thickness  of  the  plate.      It   is    found  that   these  effects  are 
of   second  order  v;ith  respect   to  the   frequency. 


2. 


1,  Introduction. 

The  o"bject  of  this  note  is  to  study  an  idealized  helical  guide  whose 
associated  houjidary  conditions  seem  to  us  more  natural  than  those  v/hich  have  heen 
used  heretofore.  The  idea  v;hich  ve  exploit  of  using  a  thick  walled  guide  of  non- 
isotropic  material  can  "be  adapted  to  various  geometrical  shapes.  It  is  most  con- 
venient to  make  use  of  the  simple  geometric  configuration  due  to  Brillouin: 
"Spiraled  Coils  as  Wave  Guides",  Cruft  Lahoratory,  Harvard  University.  The  helix 
is  replaced  by  a  sheet  or  plate  of  non-isotropic  material  on  which  parallel  lines 
are  assumed  to  give  a  helical  direction^  In  this  material  the  conductivity  is 
assumed  to  he  large  in  the  helical  direction  and  zero  in  the  two  other  perpendicu- 
lar directions.  We  have  assujned  continuity  of  the  field  components  and  have  in- 
vestigated the  modes  of  this  structure.  The  analogy  is  here  with  crystal  optics 
v/here  the  index  of  refraction  varies  in  different  directions.  By  taking  axes 
along  the  principal  directions  and  assuming  that  two  of  the  dielectric  constants 
are  equal  v;e  are  able  to  obtain  the  i;ave  equation  for  the  component  of  the  field 
in  the  helical  direction.  The  field  components  in  the  other  directions  may  then 
iDe  derived  in  terms  of  these. 

In  the  present  work  two  cases  are  discussed.   In  the  first  case, 
it  v;ill  he  assoimed  that  the  plates  have  infinite  thickness  hut  are  not  perfect 
conductors.  In  the  second  case  the  plates  are  of  finite  thickness  "but  of  infin- 
ite condactivity.  The  two  cases  differ  only  in  the  initial  conditions  that  are 
gpplied  to  the  tv/o  problems. 

While  it  has  seemed  veiy  \/orth  while  to  us  and  to  other  v/orkers, 
to  scrutinize  carefully  the  type  of  boundary  conditions  usually  associated  with 
helicEil  v/ave  guides,  it  is  perhaps  somevrhat  gratifying  that  modifications  in 
boxxndary  conditions  appear  to  give  rise  to  second  order  effects  only. 

2,  Derivation  of  the  Field  inside  the  Plates. 

We  shall  assume  that  the  tv/o  plates  are  bounded  by  the  two  planes 
y  =  -  d.  It  is  convenient  to  choose  axes  along  the  principal  directions  of  the 
plates.  For  this  reason  we  introduce  two  sets  of  axes,  so  that  the  z-axis  of  each 
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set  is   the  helical  direction  on  the  corresponding  plate.      The  y-axis   is  the    same 
in  each  set,   the  x-axis   is   the  appropriate  perpendicular. 

The  electromagnetic  components  mast  he  found  in  two  different  media; 
(i,e,)  in  the  region  hetv/een  the  plates  v;hich  is  assumed  to  he   air  and  in  the 
region  occupied  hy  the  plates.      The  latter  components  will  he  derived  and  then 
the  components   in  air  v/ill  h©  deduced  from  thes"&  "by  the  specialization  of  the 
dielectric  constants.     We  shall  shov;  that  starting  with  Maxwell's  eqpiations,    the 
components  of  the   field  in  the  plate  satisfy  a  v/ave  equation.     Hence  these  com- 
ponents are  kno^/n,    and  the  others   can  he   deduced  from  them. 

The  pertinent  Maxv/ell   equations,  with  time  dependence  harmonic, 
which  will  he  vised  are: 
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and 

3E  3  E  3E 

(2.3) 

We  call  attention  to   the  presence  of   €      in  Eqs,    (2,2)  and  (2,3). 

This  is  an  explicit  fonmilation  of  our  basic  asstinrption  that  the  dielectric  con- 
stant in  the  z-direction  is  different  frcan  the  dielectric  constants  in  the  x  and 
y  directions  which  are  assumed  to  "be  equal. 

The  electric  field  component  v;ill  now  be  found.  Multiply  the  last 
of  Eqs.  (2,2)  "by  ~iu/Ac;  differentiate  the  second  of  Eqs,  (2.1)  with  respect  to 
X,    the  first  lath  respect  to  y  and  subtract.      We  get 
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(2.11) 
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Bq.  (2,U)  may  be  re-written  with  the  aid  of  Eq,  (2,3)  as 
a^E  a^     €,  9^ 
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+  "7^  — r  "^  ^  ^xh^  "  °*     ^2*5^ 


9x2      ay2       6    3,2     -  ^3/" 

It  is  now  assumed  that  the  field  components  of  E  and  H  in  the  upper  plate  travel 

in  plauaes  parallel  to  the  y-axis.  Thus  v;e  assume  for  E  an  expression  of  the  form 

z 

E  =  f  (y)  e^^^^  ^^^'^**"*  """^^^  (2.6) 

z    3 


5. 


where  f^(y)  is  a  function  of  y  to  "be  determined.   Substitution  of  Eq,  (2,6)  into 
Eq.  (2,5)  yields  for  T    the  following  second  order  linear  differential  equation: 

'%  2  - 

— I  *  k5  f.  =  0.  (2,7) 

where 

k^  =  cJ  £^^  -  ^  ^  +  /9^(1  -  -^)   sin^cx   .  (2.S) 

Hence 

f  (y)  =  A  cos  k_y  +  B  sin  ley 

(2.9) 

B   =  (A  cos  k,y  +  B  sin  k,y)e^'^  ^^  "^"'*  *  ^  '^°^'^  ^ 
z  1  1 

One  easily  derives  the  following  equation 
Bnploying  Eq,  (2,3),  Eq.  (2.10)  reduces  to 


a\       ^\       b\       ,       €     ^2^, 

Sx^       ay2       ^z2  €    3y32  r  y 


Z   ^    Z_Z   +    J1Z£   _    (i_    _I)~-_L-  f     u/e/^E   =    0.     (2.11) 


Hence  if  v/e  assume 

the  ftmction  T  (y)  satisfies   the  differential   equation 

<i%  2-  ^^     "^^ 

+     k^      =  i  ^  (1  «  -^)  --J_    sin<x  (2.13) 


dy 
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where 

Eq,  (2,13)  has  for  its  solution 

(1  -  -^) 

f„(y)     =  C  cos  ky  +  D  sin  ky  +  i  /5  k     sin«( — (A  sin  k^y-B  cos  k-y)        (2el5) 

2  -^  kT     -  k'^  -^  -^ 

Finally,    the  same  method  shows   that   if 

E       =  f   fy)   e^/^^^  ^^^'<*^  ^°^*^^       .  (2.16) 

the  function  f, (y)   satisfies  the  differential   equation 

^\  ?-  ^^  ? 

i    +    k%     =  -  U  -  -T^)   a     sinoc  cos«ef_(y)  (2.17) 

dy'^  -^  ^  -^ 

Thus 

f-.(y)     =  G  cos  ky  +  F  sin  ky  +    — ~  /?  sino<  cos*^(a  cos  k  y  +  B  sin  k  y). 

k     -  k 
^  -        (2,18) 

The  constants  G,F,C  and  D  are  related.  The  use  of  Eq.  (2,3)  shows 

that 

which  when  used  in  Eq.  (2. IS)  yields 

(1 1) 

f,  (y)  =  -  rr; —  COS  ky  +  r-r sin  ky  +  — —- &   sina(cos«<(Acosk,y+3sink,y) 

1       1^  cosoC         i^cosc*  ,  2   ,  2  '^    ->   »>     '^•'     ^1 


ii9  cosoC         i^coso(  ,2   ,2 


(2.20) 


7. 


The  components  of  the  magnetic  field  are  obtained  from  Eo^s,(2,l). 
We  find  that  if  g^,  g  ,  g_  "bear  the  same  relationship  to  the  magnetic  components 

that  f,  ,  fp  and  f  do  to  the  electric  components,  then 

-i  uy/u,  g   =  -i  y^  sin  «  (C  cos  ky  +  D  sin  ky) 


+  k^u^  e  jJ.   — 2 2  ^^  ^^^   ^^  ~  ^  ^°^  \'^^  (2.21) 


-icvjwgp  =  k  tanc<(C  sin  ky  -  D  cos  ky) 


/ 


2  ^^-  ^^ 

+  i/3cu€^cosfl(-^ — ^  (a  cos  k^y  +  B  sin  k-y)  (2.22) 

k^   -  k 

2       2  2 

-icu^g       =  -  ^i^co^cT'       ^^  cos  ky  +  D  sin  ky)  .  (2.23) 

Sqs.    (2,9). (2.15), (2.20), (2.21), (2,22)  and  (2.23)   represent   the  E 
and  H  fields  in  the   top  plate. 

The  equations  for  the    field  in  the  bottom  plate  may  be  derived  in 
the  Bame  manner  as   those  in  the   top  plate.     However,   it  may  be   observed  that   they 
may  b6  obtained  from  those  of  the   top  plate  by  replacing  ^by     -o^, 

Vfe  have  for  the  E  and  H  fields  in  the  bottom  plate  the  follov;ing  six 

e^ations 

D,k  C,k  sin  ky 

f     =  -     ._;; _-     cos  ky  -     r-r: — 

1  lAcoso^  i^coscj^ 

2  (1-  T^) 

-   ^  sino(cos«   — ^  (A^  cos  k^y  -  B^sin  k^y)  C2..2U) 

k^   -  k 


g. 

fg     ==  Cj^cos  ky  -  D^sin  ky  +  k^^i^  sine<       g  ^    g  (A^sin  k^y  +B^cos  k^y)  (2.25) 

k^  -  k 

f     =  A^  cos  kj^y  -     B^sin  k^y  ,  (2.26) 

-i^tj^g     =  i^sino<(C.cos  ky  -  D-sin  k^y) 


€-, 
(1-  -^) 
-k^  u/^€/^    g     ^  g  (A^sin  kj^y  +  B^cos  k^y)  (2.2?) 

kj^  -  k 

-itui^g    =  k  tant3((C,sin  ky  ■♦•  D^cos  ky) 

^, 

(I  -  -^) 

•«•  i^  u/^€^os»(-- ^—  (A^cos  k^y  -  B^sink^y)       (2.28) 

k^  -  k 

itf   cos  c?<  "♦•  k       /_  ,  ^     .     ,       \  /  V 

-lu>^g^--.     ^^^^p3-^ (C^cos  ky  -  D^sm  k^y)       ,  (2.29) 

3.  Derivation  of  the  Field  Components  in  the  Region  between  the  Two  Plates. 

In  the  region  "between  the  two  plates  (air)  the  dielectric  constants 
are  equal.  The  appropriate  Maxwell  equations  are  Eqs. (2.1),(2. 2)  and  (2.3)  with 

€,  replaced  by  £  ,  The  field  components  are  thus  derivable  from  those  of  the 
preceding  section-  on  replacing  C,  by  C  ,  It  is  not  to  be  supposed, however, 

that  the  quantity *—  is  zero  since  in  this  case,  k  =  k- ,  Indeed  the  use  of 

k£  -  k*^  ^ 

Eqs.    (2,08)  and  (2.IU)   shows  that 


^''        g  =  1 (Tl) 

.2       ,2  /s2   .    2_,         2  ^^'^ 

kj^  -  k  /9  s\n  aK~a>  £^ 


9. 


If  nov;,    in  the  relevant   equations  of  paragraph  2,  €._  "be  taken  equal 
to  £  and  k  equal  to  k^,   the  field  components  of  E  and  H  may,   after  some  calculations, 
"be  exhiTsited  in  the  follov/ing  convenient  form 

f-  =  -^  (Dp  C0SOC+  B     sino()cos  ky  ~  ^^(C  cqso<  +  A  sino<,)sin  ky  (3.3) 

f,  =    A^  cos  ky  +  B^  sin  ky.  (3.U) 

-iu;^g^  =     £°1-^  ^^  fi^ Bind,  cos oi  +  B2(k^+ ^O^sin^O^  )) 

(c2/9^sino<coso^  -*■  A2( /3^sino(  casc(  +  k^)j     (3.5) 


sin  ky 


k 
-iWja.g2  =  i/?cos  ky   (C2Sino(-A     coso<  ) 

+  i/9  sin  ky   (D^  sine(  -  B^  cos«<)  (3.6) 

-iu>^g^  =  -  22±M.  (D^(k2  +^2^os2^  )  +  B2  yff^^i^^e^e^) 

+     £i|_^   /c^(k2+^2^os2o^)  +  Ag^^sincxcoso^j  (3.?) 

The  ahove  formulas  give  the  field  components   in  the  direction  of 

the  soces  on  the  top  plate.     Later  we  shall  need  the  field  components  in  the 

direction  of  the  axes  on  the  "bottom  plate.     They  will  "be  o"btained  from  formulas 

(3,2)  -   (3,7)  simply  "by  replacing  aCby  -d  , 

In  our  subsequent  work  v/e  shall  need  B     and  H     in  the  form 

J  y 

constant  •    sin  ky,  (3«S) 


10. 


This  condition  reouires  that 

Dp  coso(  ■♦■  B     sin  C\  =  0 
Cp  sino(  -  Ap  cosCX  =  0 

The  Bqs.  (3.2)  -  (3»7)  ii^a-y  nou  "be  written  as; 


f,     =  A_  cos  o(  cos  ky  -  B,  sino^sin  ky  (3,10) 

i>9 

f      =     A     sino^cos  ky  +  B     cos  o<  sin  ky  (3. 12) 


iu;^g^  =     -    A        w  fc^sino<   ^^^  ^  ^  ^  .    cose(cos  ky       (3.I3) 
ii^/^gg  =  -  -^3   i/^  si:-,  ky  (3.IU) 


-1 


2 
-iu»i<g-  =         A      *^  ^/^    cosofsin  ky     +  B  k  sinO(cos  ky     ,      (3.I5) 

A  result   due  to  Brilloiiin  (loc.cit)  will  nov;  "be  deduced  from  Eqs. 

(3,10)-(3, 15).     Brillouin  assumes   two  ideal  sheets  of  v/ires  at  angles  -  Q(  to   the 

+ 
z— socis  situated  in  the  planes  y  =  -  d.     The  "boundary  conditions   are  the  vsinishing 

of  the   electric  and  magnetic  components   in  the  helical   (that  is   to   say  a)  direction. 

The  boundary  conditions  require 

f^  =  0,    g^  =  0     at  y  =  t     d.  (3.16) 

Using  the  above   equations   at  y  =   d  we   find 

A,  sino^cos  kd  +  B^  coso^  sin  kd  =  0  (-i  \7) 


2 
■5    "^k  "^    cosO(sin  kd  +  B     k  sin<3<cos  kd  =  0, 


A     ^^^-^^ 
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It  is  to  be  observed  that  the  replacement  of  d  by  -d,  0(by  -  0( 
leaves  Eqs,  (3,17)  unchanged.  Thus  Eqs.  (3.17)  automatically  takes  care  of  the 
boundary  condition  at  y  =  -d.  Eq.  (3,17)  gives  rise  to 

tan  (X  _  tan'lcd  .  •. 

— 5 -     5 —  \!)mi-^) 

which  is  the  desired  tremscendental  eq\aation  for  the  propagation  constants  obtained 
by  Brillouin, 

U,  Plates  of  Infinite  Thickness. 

The  first  application  of  the  results  of  paragraphs  2  and  3  vd.ll  be 
to  plates  of  infinite  thickness  and  finite  conductivity.  The  field  components  in 
the  upper  plate  must  behave  like  outgoing  waves  at  infinity.  This  vrf.ll  be  accom- 
plished if  the  constants  in  Eq,  (2,9)  a^cL  (2,20)  are  required  to  satisfy: 

B  =  U.    D  =  iC  (l^^l) 

Making  this  change  and  using  Eq,    (3«l)  we  find  that   the  E  and  H  vectors   in  the 
top  plate  are  given  by: 

2 
7-4      ^  sino(coso< 
h  ~     *      ^2.2^        2^ 

_  k|/5sino( 

'     =     A     -  


^^        k 

e     -^     -  C 

/?cos  o< 

iky 
e 

^V             iky 

?  2       2  2 

^   sin  <\-tv  &^ 

ikiy 
f     =     A  e 

k,  1  w  €1*  ik_  y  .  .j^ 

-i«u;g,   =  -      A  — i 5-i e     •"     -     C  i/?sino(  e^"^ 

/^      ^  /J^sin^oC-iv^e^  ^ 

-    _            ^      i/gcose^w^g^  ^^1^       n  ,    .    *        ,    il^ 

-Y<tvg    =  A  — |- — ^= ^- e  -  C  k  i  tano(  e    ^ 

^  sin  ©(-  uy  eu 


(U,2) 


-iuxwg 


_    /9^cos^o«  +  k^       iky 
•"  U        .    _  e 

Xy^COSCK 


p":-   &t£- 


12. 


How  let  B,    =  iA-  ,   D^    =  iC,  ,   the  components  for  the   oottom  plate  are  given  "by: 

-ik^y 


„     _        .      0   sinixcos  o<,              ~     ir        _            k  -iky 

f ,    -  -  A^  -^-p p p e  -  C.    e     ^ 

{^sin<a^-u/^l^)  ^   ^cosO< 


f„  =  -\  — ^ o e  +  C,  e 


■2         n.   /  ^2   .    2  2      X  "1^ 


f ,  =  A^  e 


^ 


k,  cu   €.  w  i  -ik,y 


2, 
l'^      r  ^  ^'V      ..      .^     .  -iky 

-iwu/g^  =  -A^     — ^ 2 2 ®  ^1  ^  ^^'^^  ® 

'      —  ^    sin  o(.-u/  tu 


(U.3) 


_     .       iy^**--  6.  A*  coso<     "^ V     .„,.,.      ^     -iky 
-lua/g     =     A^     -^^^ -i- ^  e  +  C^  k  1   tancM^  e 

'       -  /9   sin  o^-u>  tu 

.     ^^cos^o<+  k^       -iky 

It   is   import^ajat  for  the  sequel  that  one  can  go  from  Bq.    (U. 2)   to 
Eq.    (U.3)  hy  the  transformation  k  -^  -k,   k-    -^  ""^i*  '0(  ~^  ~  ^  • 

The   fields  are  matched  at   the  hoandaries  "by  the   follo\/ing  conditions: 

Continuity  of  the    tangential  components  of  E  and  H 
in  the  helical  direction.  (U.'+) 

Continuity  of  the  tangential   components   of  E  and  H 
in     the   direction  perpendicular  to  the  helical   direction,  (U, 5) 

The  "boundary  conditions   require   that  the   tangential  coHponents 
of  E  and  H  "be  continuous.     Conditions   (U.U)  and  (U,5)  may  therefore  "be  replaced  Tjy 
Continuity  of   the   tangential   components  of  E  and  H  in  the  direction  of  propaga- 
tion. 

Continuity  of  the   tangential  components   of  S  and  H  in  the  direction  perpendicular 
to  the  direction  of  propagation* 


13- 


In  order  to  simplify  calculations,  v/e  v;ill  use  the  "boundary  condi- 
tions in  the  form 


H, 


M>  €. 


,  ^^   tan  kd  E,, 


2 

=  \     -  -k^  *^  ^^  \ 


axr 


,   (U.6) 


plate 


H,,  -  k  cot  kd  E, 


=     \     -  k  cot  kd  E 


air 


(U.7) 


plate 


where  E^  ,  Hj^  (E^  ,Hj^  )  are  the  components  of  E  and  H  parallel  (perpendicular) 
to  the  direction  of  propagation.  The  boundary  conditions  (U.6)  and  (U.j)  are  to 
hold  at  y  =  -  d. 

In  the  air,  the  desired  components  are  as  follows: 

ik 


E„      :      f^  coso(      +  f,   sincj<  =     A     -gr-  cos  ky. 


Ej^      :   -f,    sin  o(     +  f     coso(   "^     ^     -«- 


sin  ky, 


ik 


(U.g) 

(U.9) 
(U.io) 
Hj^      '.  "iUiAti-Si  sino(+  g,  coso()  =  A,  ^^^^f*     sin  ky;        (U.ll) 
and  in  the  top  plate: 


H„      :  ~i^^^(,s^  cos  o^  +  g     sino< )  =  B     —  cos  ky, 

coso()  =  A,  —  ■ 

3  3      ^ 


,2 
E„     :   f^  cos  o^  f  f  ^  sin  o<  =  -A    ;^2       g  g 


^'^sin'a(— u^^(;  ^  /^ 


e'"^""  -  E  ^  e^^.  (U.12) 


3^     :  -f3_  sino^H-  f     cos<;K  =  -A  -^?lAl^£2^£L_  e''^^  E  ^^  e^^     (U.I3) 


E 

J5   sin  ot-uj  £^ 

2 

H^,     :  -iyuu^(g^coso^+  g  sino<^)  =  -A 


fi 


^^V^"^*^  %y       ik^tano^      iky   ,^  ,.  V 


p  sm  o(  -u/  &M 

.  -  -  ik,  U>26u.sin<a(      ik-y         ,    2^       ^, 

:  -iuu/  (-g^sinoc*  g     cos«  )  =  A     /     ^  ^     ^^   e  ^  -e  E  l^^f^/^e^^.      (U. 
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The  eqtiations  for  the  'bottom  plate  corresponding  to  Eqs.  (U.12)- 
(U,15)  are  gotten  from  them  ty  replacirgo(  |k,  and  k  "by  their  negatives. 

Using  the  "Doundaiy  conditions,  and  denoting  "by  k  ,  for  the  moment, 
the  free  k's, which  occur  in  the  Eqs.  (U.12)-(U.15)  for  the  top  plate  we  find  that 

2 
2  (ilc/t-  ~  tan  kd)   Ik  d 

H^  -  ^/^   tan  kd  B„  =  0  =Ac>/^€^sino(   ^^   ^ e 

A    sin  a  -  iu  C.AA 

2 
*  C  ^^  (i  +  1^  tan  kd)  e^^*^  (U.16) 

P         (ik.^  -  k  cot  kd)   ik_  d 

H  -k  cot  kd  3,  =0=-^u>  £u  cosOC — p p p e 

'  ^  sin'^cK  -  ufe^ 

+  C  i^  (k^i  -  kk*cot  kd)  e^^"^  (ii.iy) 

It  must  now  "be  shovm  that  Sqs.  (U,  l6)  and  (U.iy)  are  the  same  as 
those  which  xvould  have  "been  ohtained  if  ue   had  set  up  the  houndary  conditions  on 
the  'bottom  plate.   Let  us  replace  the  d  in  the  functions  tan  kd,  cot  kd  "by  -d. 
This  yields  the  field  components  on  the  bottom  plate.  Furthermore,  let  us  replace 
^,  k,  and  k*  hy  their  negatives.   This,  as  has  "been  remarked,  yields  the  com- 
ponents in  the  direction  of  the  axis  on  the  hottom  plate.  If  this  he  done  and  A. 
and  C,  of  Eqs,  (U, 3)  he  taken  as 

2ik  d 
A^  =  A  e   ^  ,   C^  =  C  e^^^'^  ,  (U.IS) 

the  Eqs,    (l4,l6)  and  (U.iy)  remain  unchanged. 

In  order   that  Eqs.CU. I6)  and  (U. I7)  have  non-zero  solutions  in  A 
and  C,   it   is  necessary  and  sufficient  that  the  determinant  formed  hy  their 


15. 


coefficients  be  zero.      Thus,   letting  C  =  r—  ,  we  get 


(ik^  H-  ~-  tan  kd)    ik^d      .2 


A' 


?         P  2 

/5   sin"C,  ..a-»  <Z  « 


_^J/^  (i  -.  Stan  kd)   e^^^ 


■U)  £ucose(  — 2 2 


(ik,~k  cot  kd)          ik^d     ,  2.        _,  ^  .,, 

1                                  Ik  tan  <X  / .         C     ^   1  J  \     ikd 
;- e  ,-"r-~  \^  -  O  cot  kdj   e 


ik^d        . 


=  0      (U.19) 


kd  ^-1 


2    .    2^ 


^    sin  Ov-  Cu  6.Ar 

Eq.    (U.  19)  has   the   factors  txi'^^.  ^  ,    e 
and  1+0  'tan  kd.      Suppressing  these   factors  \;e  are  led  to   the   follo\iring  equation 
for  the   determination  of  k*. 


,P       ,  ^    sin  H  -iM^U 


ik. 


iSk2   ^      2__    ,    2 


tan    o^  +  tv   £L,c-tan  kd 


+  i   S  k*^tan^c(    tan  kd    -  t^/c.M    =     0  (U.20) 

Let  us   observe  again   that   the   replacement   of  k,    "by  -  k^  ,   oCby  —  0(  , 
d  by  -d  and    o  by  >-  ^  leaves  Eqs  .    (14-^20)  unchanged.     How  replace   0=     iT"    ^^  unity, 
k  "by  IZ  and  Kd  by  x.     \/e  get 


k^ 

X 


2  2  2  2 

-  X     tan  C^  ■»•  w  €  in  d     tanh  x 


2  2  2  2 

=  X     tan  Ok    tanh  x  •.  -    Uj  C  fA^ 


(U.21) 


In  the   case  of    infinite  conductivity   (k-    is  infinite),   Bq.    (l+,2l) 


reduces   to 


2  2  2  2 

-  X     tan  Qt^  +  yjj  ^  u  ^     tanh  x       =0. 


(U.22) 


This  is  precisely  the  equation  that   has  already  been     obtained  for  this  case  under 

different  boundary   conditions  by  "/.   W.   Earrisonr  'Effect  of  Choice   of  Boundary 

5- 
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In  the  ease  of  finite  (but  large)  conductivity  the  right  hand  side 
0"(-  Eq.  (1+. 21)  serves  as  a  corrective  term  in  the  presence  of  conductivity.  Eq. 
(U.2I),  for  this  case, can  be  solved  by  the  method  of  successive  approximations, 

A  numerical  example  has  been  worked  out  to  determine  the  attenua- 
tion of  the  guide  vdth  apparent  disappointing  results.  The  details  will  not  be 
given  here  except  that  in  the  range  of  parameters  of  interest,  the  left  hand  side 
of  Eq.  (U, 21)  when  set  equal  to  zero  has  a  root  x  for  which  the  tahh  x  is  very 
nearly  one.  It  is  then  seen  that  this  value  of  x  makes  the  ri^t  hand  side  very 
small  independent  of  the  value  of  k^  (the  condactivity).  Physically,  it  seems  to 
be  the  case  that  this  method  gives  results  which  are  second  order  effects  compared 
with  the  frequency, 

5,  Plates  of  Finite  Thickness. 

We  now  investigate  plates  which  are  perfect  conductors  in  the 
heliceil  direction  but  have  a  finite  thickness  t. 

The  boundary  conditions  which  will  be  taken  for  this  case  are: 

Vanishing  of  the  tangential  components  of  E  and  H 
in  the  helical  direction  at  y  =  -  (d  +  t),  (5«l) 

Continuity  of  the  tangential  components  of  E  and  H 
in  the  helical  direction  at  y  =  -  d,  and  (5*2) 

Continuity  of  the  tangential  component  of  H  in  the 
direction  perpendicular  to  the  helical  direction  at 
y  =  -  d.  (5.3) 

For  a  conductor  in  v/hich  k,  -»  00  ,  Eq,  .(2.21)  implies  that 

A  sin  k^y  -»  B  cos  k,y  or  B  -»  A  tan  k^y,  (5.U) 

Using  Eq.  (5,U)  in  Eq,  (2,9)  we  find  that 

f   ->  A  sec  k  y  (5»5) 
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In  order  that  the  ■boundary  condition  (5.l)  te  satisfied  v/e  need,   for  ki    =  oo  , 

A  =  0.  (5,6) 

Thus     Eq.    (5.U) 

A=B=0,  (5.7) 

Sutject  to  Bq.  (5*7)  i  we  iio"  rewrite  the  relevant  equations  for  the 
top  plate;   they  are 

—  D  k  cos  ky     ^       C  k  sin  ky 

;f  =  _  +  I 

1  i/Jcosc<  i^cosoi 

h  '°  (5.8) 

-  iu/wg,  =  -  i^sinot  (C  cos  ky  +  D  sin  ky) 

-  ivA>ug:?      -     ^  ■  J,^ r: tC  cos  ky  +  D  sin  ky) 

/        3  l^COSO<  -v  *  >i  / 

The  use   of   the  boundary  conditions   (5.1), (5.2), (5, 3)  of  the  Eqs. 
(5,8)  and  the  pertinent  Eqs,    (3»10)-(3»15)  lead  to   the  following  homogeneous 
system  of  equations 

0  =  C  cos  k  (d  +  t)  +  D  sin  k  (d  +  t) 

A  cosOCcos  kd     -  B,  sinO(sin  kd  =  C  k  sin  kd  -  Dk  cos  kd 
^  ^  (5.9) 

2 

A     *^  f:^     cosO^sin  kd  +  B     k  sinO(cos  kd  =  -   (;6^cos^o(+  k^)(C  cos  kd<-Dsin  kd) 

A     sino(cos   kd  +  3     cosO^sin  kd  =  0. 

The  constants  C  and  D  of  Eqs.    (5.8)  have  "been  suitably  modified  in  order  to 
suppress  the  term  i^cose<  .   Eqs.    (5»8)  refer  to  the  top  plate. 

For  the  "bottom  plate,    it  can  be  shovm  that  the  constants  A,    and 
B,    of  Eqs.    (2,2U)-(2.2g)  are  both  zero.      If  now  in  Eqs.    (5.9)  Ol^,    d  and  d  +  t 


IS, 


te  replaced  "by  their  negatives  and  if  the  constants  C,    and  D,    of  Eqs,(2.2U)-(2.28) 

\)6  taken  so  that 

Ci  =  -  C  ,  \  =  Bi  (5.10) 

Bq.    (5*9)  remains  unchanged. 


Proceeding  along  the   lines  of  Section  U,  we  see  that   in  order  that 
the  system  (5.9)  have  a  non-trivial   solution  it   is  necessary  and  sufficient  that 
the  determinant  formed  by  the   coefficients  of  A^,  B.,,   C  and  D  te  zero.     That   is 


coso^cos  kd 


— sino<sin  kd 


cos  k(d+t) 
k  sin  kd 


sin  k(d+t) 
-k  cos  kd 


— r—i-  costKsin  kd     k  sinO^cos  kd       -iB  coso<+k   )  cos  kd  -iff  coso<+k  )sin  kd 

sinot<;os  kd  coso(sin  kd  0  0 

The  Sq.    (5.11)  "lay  be   reduced  to 


=0  (5.11 


?    P     P       ?       2     P    ? 
(k  tan  o(-uy  CJM  tan  kd)  =(v^e^  k  tan  ©<  )tan  kd  tan  kt 

Letting  k  =  iK  and  x  =   dK,  Eq.  (5.12)  reduces  to 


(5.12) 


I 


{(jLf   £/-<  d  tanh  x  -  x  tan  o()  =  (u/  6.A*d  ~x  tan  o{  )tanh  x  tanh  Kt      (5.13) 

If  t  =  0,  Sq.  (5.13)  reduces  to  Brillouin's  equation  (3,18). 

The  use  of  Eq.  (5.I3)  rather  than  Eq.  (3, IS)  does  not  give  any  de- 
cided correction  to  the  unknown  x.  For  the  range  of  frequency  and  helical  angle  of 
any  practical  importance,  it  turns  out  that  the  Eq,  (3, IS)  has  a  root  x  such  that 
tanh  X  is  very  nearly  one.  The  right  hand  side  of  Eq,  (5.I3)  is  then  calculated  and 
found  to  be  small  independent  of  the  choice  of  the  thickness  of  the  plate.  Thus  the 
use  of  successive  approximations  leads  to  no  significant  gain  in  using  Eq,  (5.13) 
over  Eq.  (3, IS), 
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